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L ecture 7. Implicit functions Dr Christian P H Salas

7.1. Introduction: eguations, functions and implicit functions

In the class test on Lecture 1 (sets and functions), | asked you to determine which of a set of
graphs were graphs of functions, and which were not. We saw that, for a graph to be the graph of
afunction, there must be one, and only one, value of y for each value of x. Thus, acircular graph
(for example) is not the graph of a function, because there are some values of x for which there
are two corresponding values of y. However, a non-vertical linear graph is the graph of a
function, because there can only be one value of y for each value of x.

Irrespective of whether or not a graph is the graph of afunction, we may be able to interpret it as
representing an equation relating x and y. For example, the graphs | gave you might represent the
following equations:

(@.y=-2x+7 (b).y=-x*+6x-8 (©).x=Vy*
(d).y=x? (). (x-10)* + (y-10)°=64 (f).x=4

Thisillustrates a very important point: all functional relationships can be written as equations,
but not all equations are functions. For an equation to be a function, it must satisfy the
condition that for each value of the independent variable x, there is one and only one value of the
dependent variabley.

The distinction between an equation and a function is important when we consider the concept of
an implicit function. In the univariate context, an implicit function is a function of theformy =
f(x) which isimplied by an egquation of the form F(y, x) = 0. For example, the equation y - 3x* =
0 is of the form F(y, x) = 0 and implies the function y = 3x* (which is of the formy = f(x)).
Thereforey = 3x* isan implicit function of the equation y - 3x* = 0. Similarly, in the multivariate
context, an implicit function is a multivariate function of the formy = f(xy, . . ., X,) which is
implied by an equation of theform F(y, Xy, . . ., X;) = 0.

Now, an explicit function y = f(xy, Xz, . . ., X;) can always be written asy - f(xg, X2, - . ., X5) =0,
which is an equation of the form F(y, Xy, . . ., X,) = 0. But given an equation F(y, Xy, . . ., Xp) =0,
it is not always convenient, or even possible, to express y as a function of x;, Xo, . . ., Xy

explicitly. For example, it can be shown that F(y, x) = 2x* + 4xy - y* + 67 = 0 implies a function
of the form y = f(x) over some subset of E', but the equation cannot easily be solved for y
explicitly. As we saw above, we might also have an equation involving x and y (eg. X* + y* - 64 =
0) which is not a function at all (either implicit or explicit). Thus, we want to know the
conditions under which an equation F(y, Xq, . . ., X,) = 0implicitly definesafunctiony =f(xy, . . .,
Xn)- These conditions are provided by the famous implicit function theorem, which you will often
come across in your reading.

When setting up mathematical models in economics, we are often faced with situations in which
we have equations which cannot be solved to get endogenous variables as explicit functions of
exogenous variables and parameters. In the general-function national income model of the
previous lecture, for example, we had the equations

Y = C(Y, To) + |0+ Go

C=C(Y, Ty
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Assuming that an equilibrium point (Y*, C*) existdie implicit function theorem provides the
conditions under which we can assutiat implicit (reduced form) functions

¥Y*(lo, Go, To)

€C*(lo, Go, To)
exist. We can think about these functions (andr thaitial derivatives), despite the fact that we
cannot obtain expressions for them explicitly, pded that the conditions of the implicit
function theorem are satisfied.

7.2. Theimplicit function theorem

Suppose our model contains an equation Ffy, x., %) = 0 which we_knowis satisfied at a
particular point (y*, x*, . . ., %*) in E™ In other words, we knowhat F(y*, x*, . . ., %*) = 0.
The implicit function theorem tells us that a fuoaty = f(x;, . . ., %) is defined over some
subset of Ewhich contains the point {X . . ., %), provided that the following two conditions
are satisfied:

. F(y, %, - - ., %) has continuoupartial derivative®F/dy, dF/0xy, OF/0X,, . . .,0F/0X,.

(ii). At the point (y*, x*, . . ., X%*), we havedF/oy # 0.

If these conditions are satisfied, the implicit ¢tion theorem means that we can think about a
functiony = f(x, . . ., %) and its partial derivativedy/dx,, 0y/0X,, . . .,0y/0X,, even if our model
only contains an equation F(ys, X . ., %) = 0 which cannot be solved for y. The partial
derivativesdy/dx,, 0y/dx,, . . .,0y/0x, can be obtained directly from the equation Fgy, X ., %)

= 0 using a simple formula which is derived asdat. First, totally differentiate F(ysX. . ., %)

=0 to get

oF oF oF
—dy + —dx, + - + —dx, =0 1
o M o 0% (1)
Suppose we want to obtain an explicit expressioriffe partial derivativ@y/dx;. Recall that in
order to partially differentiate y = f(x. . ., %) with respect to x we treat all the arguments of
f(x4, . . ., %) apart from xas_constantsThus, all the differentials of the exogenous ables
apart from dxmust be equal to zero, so equation (1) above sediac
oF oF
—dy + —dx =0 2
oy o O 2)
Solving this equation for dy/gdwe get
ﬂ = ﬂ = - aF/aXi (3)
o ook, O oF/dy

constant

We can use this formula to get all the partial wiivesdy/ox;, dy/0x,, . . .,0y/0X, directly from
the equation F(y,X. . ., %) = 0, without first having to solve it for y.

Example Find explicit expressions for the partial derivas dy/0x anddy/ow of any implicit
functions that may be defined by F(y, x, w) %% + w? + yxw - 3 = 0 around the point (y, X, W)
=(1,1,1).

Solution Clearly, it is not easy to solve the given equafior y. However, we have F(1, 1, 1) =0
(verify this for yourself), so we knowhat the equation F(y, x, w) = 0 holds at the pfln 1, 1).
The partial derivatives of F(y, x, w) are
F F
E=3y2x2+xw a—:2y3x+yw a—=3W2+yx
ay 0X ow
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and these are all continuous. Thus, the first dawdiof the implicit function theorem is
satisfied. If we evaluate the partial derivatdfgoy at the point (y, x, w) = (1, 1, 1) we g#f/oy

= 3(1F(1)* + (1)(1) = 4% 0, so the second condition of the implicit funatiteorem is satisfied.
It follows that an implicit function y = f(x, w) ésts around the point (y, x, w) = (1, 1, 1). Using
formula (3) above, we get the two desired expressior the partial derivatives of y = f(x, w):

dy _ _OFox _  (2y°x+yw) dy _ _OFow _ (3w’ +yx)

ox oF/dy (3y?x? + xw) ow oF/ay (3y?x? + xw)

7.3. Extension of theimplicit function theorem to the simultaneous equation case
Often, our mathematical model will be in the forfracsimultaneous equation system

;(El,...,)ﬁ,xl,...,%) =0
e - - VYo Xty e -0 ) =0
: Do (4)

"W .o Yo X, o) =0
which we _knowis satisfied at a particular point,fy. . ., w*, Xi*, . . ., X»*). In other words, we
know that

1(51*, ey yn*, X]_*, P *) =0

Z(E]_*, ey yn*, X]_*, P *) =0

B, . W X, %eY) = 0
In this case, the implicit function theorem teltsthat a set of functions

1 ?fi(xl, &)

2 ¥ F Xy, - 2)

: : ()

n ¥ X, . %)
is defined over some subset df which contains the point {% . . ., x,*), provided that the
following two conditions are satisfied:
(). FY, P, .. ., Fall have continuous partial derivatives with regpe all the variables,y. . .,
Yow Xty « « s Yoe
(ii). At the point (\*, . . ., \*, X1*, . . ., %¥), the following Jacobian determinant is non-zero:

oF'/dy, oF/ay, --- OF/ay,

2 2 “ee 2
IJIQF {ay1 aF{ay2 ) aF{ayn 40

oF"/oy, oF"/dy, --- 0F/ay,
If these conditions are satisfied, we can findghdial derivatives of the implicit functions in)(5
directly from the n equations in (4) above, withtwatving to solve them foryy. . ., y. The

formula for doing this is derived as follows. Fjrate take the total differential of each equation
in (4) above. This gives us_a systefm differential equations of the form

oF’ oF’ oF’ oF’

—dy, + -+ + —dy, + —dx +--- +—dx, =0 (=1,...,n 6

alyl 3y, Yn alxl ax_ X { ) (6)
Suppose we are interested in the partial derivaidyg/0x;, dy./0x;, . . ., 0y /0x;. Holding all

exogenous variables constant apart fromtxmust be the case that all the differentialshe
exogenous variables apart from dre zero. Thus, the system (6) above reduces to

oF oF’ oF’
—dy, + - + —dy. + —dx =0 (=1,..., 7
oy, ! ay, " ax 0 v )

n |
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Dividing every equation in (7) throughout by;dand taking théP/dx; term in each equation to
the right hand side gives us the system

i i i
ai% + ... +ai% = —ai G=1,...,n)
ayl dXi ayn dXi aXi
which can also be written in termspartial derivatives as
i i i
ai% + ... + aiay_n = —ai (j:]_’___, n) (8)
ady, 0x; dy, 0x; 0x;

since we are holding all exogenous variables dpam x constant. The final step is to realise
that we can rewrite (8) in matrix form as

oFt/dy, oF/ay, --- oF/ay, [dy./ox, -0F'/ox,
OF?/ay, OF?/ay, --- 0F/dy, |dy,/ox | _ |-0F?/ox, ©
oF"/dy, OF"/ay, --- OF"/dy, | dy./ox, —0F" /dx.

The coefficient matrix in this system has a detaant which is |3 0 by condition (ii) of the
implicit function theorem, so there must be a urigolution vector. Using Cramer’s rule, this
solution can be expressed as
% _ Bl
ox P
where Jis the matrix obtained by replacing the ith coluairthe coefficient matrix in (9) with
the (constant) vector on the right hand side of ($5ing a similar procedure, all the partial
derivatives of the implicit functions in (5) witlespect to the other exogenous variablesox . .
., X; can also be obtained.

7.4. An application to the compar ative static analysis of a simple market model
Suppose there is a single-commodity market destigehe following equations:

Qu=D(P,Y) €20, Dy >0)
Qs=S(P) p €50)
Qi=Q&

It is assumed that D(P, Y) and S(P) have continyiautial derivatives. The symbol Y denotes
income, which is assumed to be exogenously determinede Noat this model comprises

functions in general (not specific) form, and warmat therefore solve explicitly for equilibrium

price and quantity (P* and Q*) as functions of Y.

Setting Q = @ = Q* (ie. imposing the equilibrium condition onetimodel), we can rewrite the
first two equations in the above system in implioitm as

P*, Q* Y)=D(P*, Y)-Q*=0

P*Q5Y) =S(P¥)  -Q*=0 (10)
We knowthat these equations must hold simultaneoushateqjuilibrium point (P*, Q*, Y).
The conditions of the implicit function theorem easatisfied, since the demand and supply
functions are both assumed to have continuousagpal#irivatives, so all the partial derivatives
OFY0P = D, dFY0Q = -1pFY/dY = Dy, OF40P = S, 0F/0Q = -1,0F%dY = 0 are continuous. In
addition, |Jg O, regardless of where it is evaluated:

g oF'/oP 9F/0Q _ |0D/oP -1 _ 9s oD
oF?/oP 0F/o 050P - oP  oP
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Thus, it must be true that $JP at the equilibrium point (P*, Q*, Y).

The implicit function theorem allows us to writeetimplicit functions P* = P*(Y) and Q* =
Q*(Y), which have continuous derivativedP*/0Y and 0Q*/dY. These derivatives can be
obtained directly from system (10) above.

Totally differentiate the two equations in (10)get

D g+ + Pyy - do* = 0
op* oY
oS

dp* - dQ* = 0
op* °

Dividing through by dY, and puttingD/dY (anddS/@Y = 0) on the right hand side we get
oD dP*  dQ* _ _a_D
oP*dy  dY Y
0S dP*  dQ* _
oP* dY dy
This sytem can be written in matrix form as

oD/oP* -1| dP*/dY a -dD/oY
0S/0P* -1|dQ*/dY| 0
Using Cramer’s rule, you should verify for yoursiiét this system implies dP*/dY =/[§Ss-Dp)

> 0, and dQ*/dY = Dy/(S-Dp) > 0. Thus, both the equilibrium quantity and gwiilibrium
price are positively correlated with the level ofome.

7.5. What you must do befor e next week

Read Chiangf-undamental Methods of Mathematical Economics, Chapter 8, pages 204-227, and
make sure you are familiar with all the terms aodaepts in these lecture notes. Do all the
guestions in the attached assignment sheet foutee@ You will get very similar questions in
your exam on December 18th.

Therewill beashort written test at the start of the class next week, in which I will ask you

to analyse the compar ative statics of a ssmple modified version of the|S-LM modé of the
previous lecture (Lecture 6. Total differentials). Again, you will be required to do something
very similar in your exam.

(End of Lecture 7)



