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Dr Christian P H Salas
Lecture 15. Multiple regression analysis

15.1. Introduction
In this lecture, we extend the analysis to consider a regression equation with more than one
explanatory variable, but retain the reduced form assumption, so that the dependent variable is the
only current endogenous variable in the equation. The following topics are covered:

Section 15.2. Estimation of a reduced form multivariate equation

Section 15.3. Properties of the OLS estimator and significance tests

Section 15.4. The concept of multicollinearity

Section 15.5. Consequences of misspecification of the equation

Section 15.6. Testing a set of linear restrictions on the parameters
From an exam point of view, the assignment for this lecture is extremely important. and you should
make sure that vou have got to grips with it by next week.

Some basic results from matrix algebra and matrix differential calculus are employed in Lecture
15. These include the following:

(R1). The transpose of a product of matrices equals the product of the transposes ‘in reverse
order’: e.g. (ABC) = C'B'A".

(R2). The rank of a matrix equals the largest number of linearly independent rows (= the largest
number of lincarly independent columns) in the matrix.

(R3). If Ax = b, and A is invertible, then we can solve for x as x = A™'b.

(R4). If A is invertible, then A™ = (1/detA)-adjA.

(R3). If a and x are two column vectors of the same dimension. then

é(a’x) _ %
ca
(R6). If Q = x’Ax is a quadratic form with symmetric coefficient matnx, then
- 'A
ox

15.2. Estimation of a reduced form multivariate equation
Suppose we are interested in analysing k variables: Y. Xa, X;, . . ., Xi. For example, Y might
denote wages, X> might denote age, X; might denote years of schooling, etc.. We can think of the
variables as the elements of a k-dimensional *variable vector’ (Y, Xz, Xs. . . .. Xi). Suppose we
have n observations of this vector:

(0 €70, ETHD. CTRIIIND (%) |

(Y2, X2, Xia, - - .. Xi2)

(Y3, Xa5, X33, . . .. Xi3)

(Ym X:r.s X!m vy X‘xn)
Each of the observed X’s has two subscripts: the first subscript indicates the variable, and the
second subscript indicates the observation number. For example, Xy, is the 1st observation of
variable X, X;, is the 4th observation of variable X;, and Xy, is the nth observation of
variable X;. In a natural extension of the bivariate regression model of Lecture 14, we assume that
the Y and the X's for each t are related according to the following linear equation:
Yi=B1+B:Xa+ X5 4 -+ BXie Fuy t=1,2,:.5n
This can also be written as



EC2203 QUANTITATIVE METHODS IN E.CONOMICS 11 (1998-1999) @

Yl: Zilﬁlxzt + u, t=1.2,...n

where X, = 1 for all t so that B; is the constant term (introducing the symbol X, vields a more
general formulation of the multiple regression model. since it also covers the case where a constant
term is not included and X; is a genuine variable). We can write the equations for all n
observations in matrix form as

Y, Xy Xy o Xa ||B U,

Y: x]: X‘: sz B

12
. =
3

D Ky Kaze e X | | B u
which we denote by
y=XB+u

(y and u are (nxl) column vectors, X is a (nxk) matrix. and B is a (kx1) column vector of
coefficients). This is the conventional formulation in econometrics. Notice that the notation is
different from the usual notation in matrix algebra, where the first subscript denotes the row
and the second denotes the column. Here, X, (the tth observation on the ith X-variable) is the
element in the ith column and the tth row of the matrix X.

A
In a natural extension of the notation we used in Lecture 14, [ 1s the (kx1) column vector of
estimated coefficients, B, being the estimate of B, (1= 1, 2, . . .. k), and e is the (nx]) column
vector of residuals: e=y - X3 =y - y. where y = X is the (nx1) column vector of fitted Y-

values. It is assumed that n > k i.e. that there are more observations than variables.

The OLS estimates of the k elements of B are obtained. as in Lecture 14, by minimising the sum
of squared residuals (SSR):

SSR = le e, =e'e
= (y-XB)(y - XP)
=yy- B'X'y-yXp + BXXB
=yy-2B'Xy+ BXXP
(Notice that the term -2 é X'y in the last line replaces -[Ai Xy - y'Xﬁ in the line above it, It is

- A A
correct to do this because B X'y is a scalar (i.e. a number), so it is equal to its transpose: (B 'X'y)’

n A A A
=y'X B . Thus, we can simplify - 'X'y - ¥'XB as -2 'X'y). We can differentiate this expression

A
for SSR with respect to B (using the clementary rules of matrix differential calculus given in the
introduction) to get
¢SSR
N
ap
Equating this to zero and rearranging gives the OLS normal equations

A
= 2X'y + 2X'X B




EC2203 QUANTITATIVE METHODS IN ECONOMICS II (1998-1999) @

N
X'XB =X"y
In order to proceed, we must introduce the multivariate version of assumption (A3) in Lecture 14,
This is:

(A45). X has rank k (i.e. the columns of X are linearly independent).

It can be shown that if this condition holds. then the matrix X'X has an inverse (X'X)". so we can

use elementary matrix algebra to solve for B from the normal equations as

A
B =(X'X)" Xy
Thus is the famous OLS estimator of the coefficient vector in multiple regression analysis.

A N
Notice that we can write the normal equations as 0 = X'y - X'X B = X'(y - X ) = X'e. This yields
results which are analogous to the “implications” of OLS discussed in Lecture 14 (see the handout
for Lecture 14, pages 4 and 5). As in the bivariate regression model, X'e = 0 is a direct implication

A
of the first-order conditions for minimisation of the SSRs, and tells us that the OLS estimate B is
always such that it makes the sample covariance between the residuals and the explanatory

A

variables equal to zero. Also notice that y’e = B'X'e = 0, so that the OLS estimate 3 is such that

the fitted values of the dependent variables and the residuals are also uncorrelated. This can be
interpreted intuitively by saving that OLS estimation decomposcs the dependent variable vector y

into a fitted-value vector y and a residual vector e: y = v + e. The OLS estimate B will always
be such that it sets the sample covariance between these two components equal to zero.

15.3. Properties of the OLS estimator and significance tests

In this section, we consider the extension to the multiple regression case of Sections 14.4 to 14.6 in
A

the handout for Lecture 14. Firstly, the unbiasedness and consistency properties of B carry

straight over from the two-variable case (Section 14.4). As an illustration of the method of proof,
we consider unbiasedness in the case where all the X-variables (i.e. all the columns of X) are non-
stochastic. We have

B =(X'X)" Xy
=(X'X)" X"(XB +u)
= (X'X)"'(X'X)B + (X'X)" X'u
=B+ (X'X)" X'u
Therefore
E[B]=B +E[(X'X)" X'u]
=B+ (X'X)" X'E[u] (by assumption (A4) in Lecture 14, page 6)
=B (by assumption (A1) in Lecture 14: E[u] = 0)

Next, you will recall that the following expression was derived for the varance of the bivariate
regression coefficient in Section 14.4.2 of Lecture 14:
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o.‘.‘

Z:=|(X‘ _}_():

The concept of the variance of B generalises in the multiple regression case to the concept of the

V[B]=El(B - B =

N A ~
variance-covariance matrix of the vector B, defined as the (kxk) matrix E[(B-B)B-B)]
(Appendix A of Kennedy’s book, A Guide to Econometrics, is entitled *All About Variance’, and
gathers together most of the basic formulas used to compute variances in econometrics). This

matrix is symmetric, and contains the variances of the {3,’s on the main diagonal, and the

covariances between the B, °s in the off-diagonal positions:

E((B-B)(B Y] _
E[B-B)']  EIB,-B)B~B.)) - ELB~B)B-B.]

E(B,-B.)B,-B)]  EB-B.)') - EI(B,~B)B.~B)]

E[(B, - B )B,-B)] ELB,~B)B:~B)] - ElB,~B)]
VIB]  CovB.B.] - Cov[ﬁl,[}k]-
_|CoviB,.B,]  VIB.] - CoviB..,B,]

| CoviB,.B,] CoviB.,B,] -  VIB,]

When deriving the expression for the variance of the bivariate regression coefficient in Section
14.4.2 of Lecture 14, we needed to assume that the disturbances are not autocorrelated. This

assumption is also required here in order to obtain a neat formula for E[(f -B)B-B)]). The
assumption can be conveniently expressed in terms of the variance-covariance matrix of the u’s:
E[ul:] Efuu,] -~ E[uu,]
E[uu,] E[ui] - E[u,u

E[uu']= [ 'I .] ['-] ) [ :. n]
Eluu,] Efu,u,] - Efu]
The assumption that the disturbances are not autocorrelated means that E[uu,] = 0 for all t and s.
This implies that all the off-diagonal elements of the variance-covariance matrix E[uu’] are zero.
The homoskedasticity (constant variance) assumption implies that the diagonal elements of E[uu’]

are all 6.”. Thus, assumptions (A2) and (A3) on page 6 of the handout for Lecture 14 can be neatly
summarised in the case of multiple regression as
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ol 0 0
ol 0
Efuu’] = % )
0 0 - o
This can be written more conciscly using the (nxn) identity matrix I as follows:
E[uu’] = 61

Above, we derived the following expression for 3 :
A

B =B+ (X'X)'X'u
Therefore we can write
B -B=(XX)'Xu
Substituting this into the definition of the variance-covariance matrix of B we get
E((B-B)(B-B)] = E[(X'X) " X'u)((X'X) 'X"u)']
= E[((X"X) " X'ur'X(X'X)"]

= (X’X)"X'E[uu’]X(X'X)" (assuming that X is non-stochastic)

= (X'X)'X"(o] DX(X'X)"

= o (X'X) (X' IX)(X'X)" (since o7 is a scalar, we can ‘take it out’)
= o (X'X)'(X'X)X'X)!

= a7 (X'X)"

N
This is the famous formula for the variance-covariance matrix of . assuming that the Classical
Assumptions hold. The variances of the regression coefficients are given by the diagonal
elements of this matrix. Under the Classical Assumptions (assumptions (A1)-(A3) on page 6 of
the handout for Lecture 14), these variances are the smallest of any linear unbiased estimator. Thus
the OLS estimates are called the best linear unbiased estimates (BLUE). As in the bivariate

regression case, we do not know the true G-, so we replace it in the formula o (X'X)" above by
an unbiased estimate. In the bivariate regression model, an unbiased estimate of o,” is given by

Gy = :S—l; (see the handout for Lecture 14, page 12). In general, an unbiased estimate of o)
can be obtained by dividing the sum of squared residuals by the degrees of freedom remaining after
estimation. The degrees of freedom are calculated as the number of observations minus the
number of parameters estimated. In the bivariate regression model, only two parameters are
estimated (ct and B), so the degrees of freedom are n-2. In the multiple regression case, we are
estimating k parameters (B, Ba. . . .. Bu). so the degrees of freedom are n-k. Thus, the unbiased

estimate of ,” in the multiple regression case is given by
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The standard error of B, (which. you will recall, is the estimate of the standard deviation of the

sampling distribution of B, ) is given by

SE(B, )= Gu J(the ith diagonal element of (X'X)™")
We can proceed from this formula to t-ratios and tests of hypotheses just as in Section 14.5 of the
handout for Lecture 14. If we want to test the null hypothesis Hy: B; = 0, then we calculate the (-

ratio |3 /SE(B ), and compare it with the tabulated percentage points of the t-distribution with

n-k degrees of freedom. These percentage points are roughly the same as those of the standard
normal distribution for reasonably large values of n.

As in Section 14.5 of the handout for Lecture 14. this procedure is only valid if the errors are not
autocorrelated. If the errors are autocorrelated, then Efuy,] # 0 for some t=s, and so E[uu'] is

no longer a diagonal matrix. In this case. we must replace the assumption Efuu’] = o.1 by the
more general (nxn) matrix: E[uu’] = V. Then we would have

A A
E[(B-B)(B-B)] = (X'X)'X‘Efun’]X(X'X)" = (X'X)' X VX(X'X)"
These variances are no longer the smallest possible, so the OLS estimates are no longer BLUE.
Calculating standard errors by the previous formula will give biased answers, since they are based
on the wrong covariance matrix. The table for validity of our testing procedure is identical to
that for the two-variable case given in Section 14.5 of the handout for Lecture 14. This is a
problem to which we will return when considering autocorrelation in Lecture 16.

Finally, the coefficient of determination R is calculated in exactly the same way as in the bivariate
regression case (sce Section 14.6 in the handout for Lecture 14):

a2
, explained variation _ 1 unexplained variation _ 1 Zl_.‘el
= =i = - M o

total variation total variation Z" (Y, - Y)*
t=1

It is interpreted in exactly the same way. As before, R should not be used as a measure of
goodness of fit when there is no constant term in the equations,

In the context of multiple regression analysis, R* has a property that is sometimes considered rather
undesirable. Addition of an extra explanatory variable, however useless, to the equation will never
reduce R®. At worst, it will leave it the same. It is sometimes thought that inclusion of variables
that explain very little should be penalised. An alternative measure which is sometimes reported
in empirical work is the adjusted-R”, dcﬁncd as

adjusted-R* =1 -

(lR)
n_

It can be shown that the adjusted-R* decreases when an extra variable is added if the new
variable’s t-ratio is less than 1 in absolute value.

15.4. The concept of multicollinearity
Recall that the extended version of assumption (A3) now requires that X be of rank k. This will be

violated if any two or more columns of X are linearly dependent. For example, suppose that we
are trying to estimate the equation
Yo =B+ BoXa + B Xy + t=1,2,...,n



EC2203 QUANTITATIVE METHODS IN l-iCONOMICS IT (1998-1999) @

but that X5, = A Xx. In this case, every movement in X: will be matched by a movement in X;, and
we will not be able to separate the influence of X on Y from that of X;. Substituting X5 = AXx,
into the above equation gives

Y. =B +(B:+ AB)Xa +uy
Thus, we can estimate (B, + AB:), but we have no way of ‘scparating out” the estimate to give
estimates of f: and .

More generally, if rank(X) < k, then X'X will not be invertible. Thus, we will not be able to

el
caleulate B = (X'X)'X'y. Such a situation is called perfect multicollinearity. It usually arises

from a misformulation of the regression equation (in the example above, X and X; should not have
both been in the equation in the first place). However, the problem of multicollinearity comes in all
‘degrees’. Usually it is ‘less-than-perfeet” multicollinearity that we experience. The most common
case in which this arises is when two of the explanatory variables are highly, but not perfectly,
correlated. The effect is to make it difficult to separate their influences with any degree of
accuracy.

Two columns of X being highly (but not perfectly) correlated implies that the determinant of X'X
will be close to (but not equal to) zero. Since (X'X)" = (1/det(X'X))-adj(X"X), it follows that the

elements of (X’'X)" will be very large. The consequence of this is that the variances of the B,
will be large, since we saw earlier that

SE(B. )= ou J(the ith diagonal element of (X'X)")

This means that the 8, will not be very accurately determined. The observed t-ratios will be low.

Thus, the classic symptoms of multicollinearity are “a highish R together with insignificant
coefficients”. The high R* means that one or more of the explanatory variables has a systematic
influence on the dependent variable, but we cannot tell which ones because all the t-ratios are tiny.

It is important to emphasise that the ‘problem’ of multicollinearity is one of degree: it is
perfectly normal for explanatory variables to be correlated with each other to some extent. The
‘problem’ of multicollinearity only arises when explanatory variables are so highly correlated with
each other that it becomes difficult to separate their individual effects.

There is no all-purpose ‘remedy” for multicollinearity. You might be able to deal with it by
dropping variables from the model, or by adding more observations to the data set (1f this is
possible), but you will have to take care not to cause more problems than you solve by taking such
steps.

15.5. Consequences of misspecification of the equation
Correct ‘inference’ in econometrics (i.e. estimation of population parameters and hypothesis

testing) is heavily dependent on the assumption that the deterministic part of our equation is
correctly specified. This is largely a matter of whether or not our equation contains the correct
variables. Economic theorv may suggest, for example, that an important variable has been left out
(possibly due to the data not being available). We will also see later (in Lectures 16 and 17) that
the presence of autocorrelated or heteroskedastic residuals can be an indication of misspecification
of the variables that should be included in the equation. In this section, we will briefly state the
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general consequences of such misspecification. Algebraic “proofs’ are not provided here. They can
be found in most econometrics textbooks.

(1). A relevant explanatory variable lefi out
When a relevant explanatory variable is not included in an equation, the OLS estimate of the
coefficient vector will in general be biased and inconsistent. The usual t-tests will not be valid.

(2). An irrelevant explanatory variable included
When an irrelevant explanatory variable is included in an equation, the OLS estimate of the
regression coefficient will in general be ‘inefficient’ (i.e. it will not have the smallest possible
variance) and will therefore be less likely to be accurate, although it will still be unbiased and
conistent, and the usual t-tests will still be valid.

15.6. Testing a set of linear restrictions on the parameters
One of the most important uses of the regresson model in econometrics is in testing the validity of

linear restrictions on the parameters of an equation. In this section, we consider the testing of joint
exclusion restrictions. but the method applics to more general kinds of linear restrictions as well.

We have scen that we can test whether an individual parameter in a model is equal to zero by
computing the t-ratio of its OLS estimate, and then comparing this with appropriate cutoff points
from a t-distribution. Now suppose that we are interested in testing the null hypothesis that two
or more parameters are jointly equal to zero. As an illustration, suppos¢ we are estimating the
equation

Yo =Bi+ BaXa + BaXa + 1iQu+ 12Qu + 1:Qu T
where Q;, Q- and Q; are explanatory variables which have been included to account for any
seasonal variation in the dependent variable (for example. Q, might indicate ‘summer’, Q. might
indicate ‘autumn’, and Q; might indicate “winter’). We might wish to test the null hypothesis that
there is no scasonal variation i.c. that all three variables are irrelevant in explaining Y:. This would
be done by testing the set of restrictions y; = yz = v; = 0. The restricted equation is given by

Y, =B+ BoXa + BsXs + w

The general test procedure is as follows:
(1). Impose the restrictions to be tested on the equation to obtain the restricred form of the
equation. Estimate this restricted form by OLS and calculate the sum of squared residuals. Call
this SSRx.
(2). Next, estimate the nnrestricted form of the equation (1.¢. the original equation), and calculate
here the sum of squared residuals. Call this SSR..
(3). Finally, calculate the ratio

F

_ (SSR, -SSR)/d
SSR,, /(n=k)
where
d = the number of restrictions (this is often cailed the ‘numerator degrees of freedom’):

k = the number of parameters in the original (i.¢. unrestricted) equation; and
n = the number of observations used in the estimation of the equations.

This will be our fest statistic. It can be shown that under the null hypothesis that the
restrictions are true, this ratio has a probability distribution known as ‘Fisher’s F-distribution
with d and (n - k) degrees of freedom’. If the restrictions are satisfied (i.c. if the null hypothesis is
true), then we would expect the restricted and unrestricted forms of the equation to give very
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similar results. So we would expect SSRg and SSR:: to be very similar. Thus. we would expect our
test statistic to take a small positive value i.e. to be ‘close’ to zero (note that imposing a restriction
on an equation can never reduce the sum of squared residuals, so it must always be the case that
SSRs > SSR:: this means that the F-statistic must always be positive). So we will not want to
reject the null hypothesis when the test statistic gives a small value. If, on the other hand, one or
more of the restrictions does not hold (i.e. the null hypothesis is not true), then the restricted form
of the equation will have had an invalid restriction imposed upon it, and hence we would expect
SSRz to be considerably greater than SSRy. In this case, our test statistic will be considerably
greater than zero. Therefore we will want to reject the null hypothesis when the test statistic
gives a large value.

Given the distribution of the test statistic, we will accept the null hypothesis at the 5% significance
level if the value of the test statistic is below the 95% threshold. Given the value of d and the value
of (n-k), the appropriate threshold is obtained by consulting the table of 95th percentiles of the F-
distribution (this table is attached, along with the table of 99th percentiles).

Example: Consider the ‘seasonal variation’ example above. Supposc we use 50 observations of
each variable to estimate the equation

Y.=Bi+BaXun BsXs+1Qu+ ¥2Qx + Qs+
and obtain a sum of squared residuals SSR = 1.6. We will call this the ‘unrestricted” sum of
squared residuals, and write SSRy; = 1.6. Suppose we now impose the set of restrictions v, = 72 =
v; = 0 on the equation to get the restricted form

Y. =B+ BaXa + PaXa 1y

and estimate this restricted form by OLS getting SSR =3
of squared residuals, and write SSRg = 5.2. We have d
statistic is

2. We will call this the ‘restricted” sum
=3 and n-k = 50 - 6 = 44, so the F-

_ (SSR; -SSR)/d _ (52~ 16)/3 1.2
SSR, /(n-k) 16/44 0.0364
From the table of 95th percentiles of the F-distribution (attached), we see that the critical value
when d = 3 and (n-k) = 44 is less than 2.84. Since F > 2.84. we reject the null hypothesis that the
parameters ¥i, Y2, and ¥z are jointly equal to zero. Intuitively, imposing this joint restriction leads
to a considerable worsening of the model, producing an excessively large sum of squared
residuals in the restricted model compared to the unrestricted one.

= 329670

(End of Lecture 15)
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Assignment for Lecture 15. Multiple regression analysis
Please make sure that you can do the following problems by next week. You will get very
similar ones in your exams. Full solutions are attached, but you should not look at them until
you have made every effort to answer the questions yourself.

Question 1
The following estimated equation was obtained by Ordinary Least Squares using quarterly data for
1991 to 1996 inclusive (24 observations):

Y, =1.10 - 0.0096 X;, - 4.56 Xz + 0.034 X5, SSR =20.22

(2.12) (0.0034) (3.35) (0.007)

The figures in brackets are standard errors.
(i). Test the significance of each of the slope coefficients.
(ii). When three variables representing the first three quarters of the year were added to the equation,
the sum of squared residuals fell to 19.35. Test the null hypothesis that there is no seasonal variation in
the dependent variable, both at the 1% and 5% significance levels.

Question 2

The following equations were estimated on 24 observations, 1918-1941, where D, is dividends and E, is
earnings in year t. Standard errors are given in parentheses, and SSR is the sum of squared residuals.

(4) D,=0.59+0.40E, SSR= 2.1849
(0.20) (0.10)

(B)D,=-0.14+0.32E, -0.10E,; +0.70 D.; SSR=0.84821
(0.17) (0.08)  (0.10) (0.14)

Test the following hypotheses, giving the relevant critical values at both the 1 per cent level and the 5
per cent level:

(a). that the coefficients of E.; and D,.; are equal to zero individually.
(b). that the coefficients of E,.; and D, are equal to zero jointly, using the F test.



EC2203 QUANTITATIVE METHODS IN ECONOMICS II (1998-1999)

(y a=al k=4 so  (A-k) = degreos of freadlsu = 2D
Cooll of Xit : t-putio = -0.0096

2 2BAY
O 003
Colf of Xeb : b-utio = 4 g _
= <-].36l\
3:.35
Coelt of Xst ! ¢-mtie = .04 = 4.2S %
o.o0}

Coticel valme for dzst ak &% (pel oith 20d.f= 2.086
ﬂ,ms, caeftiearts of Xie ard Yar ore 8\3:\).{-10»\1- alt
57 wd, bukt  catticiont o Xt Lo iasigarficatdy
() ssRu = 19-35 d=3
SSKp = 0-22
The stalistie’ is
F(de3, acke= 1) = (Ro22-W39)/3 .0
19-38/ 13

CNACG]- velaae *w' , ’/D =t : S-1%8
Crical value for €% 4t : 3.20

Do not Né:v.& the Al kﬂpoﬁo.sis at  ecthas s(aru:}ianu.
Lwek .

A-le 2 <"F 2013




EC2203 QUANTITATIVE METHODS IN ECONOMICS II {1998-1999) @

@ westion 2
@ a=al R =4 So A-k = dugmas of (reedon= 20,
Coelk. o} €t-1 . t-rabidb = . o.10

o -lo
C"#' 01‘ Dt‘" * E'—flho = .30 -

ol
il value fom ) % tmst i 2.84%S
il value for S% tae + 2:08€

=\

Cocttiiiarkt of Ob-y s Sgmbcant ot both lwds,
Coelhbant 4 €eu 18 iasgahint ot batk luels,
SSR“ = 2. '8"{"3( A-k = 20
The 4zst stabiste’ i
F(d=2, n-k=20)= (2-1843 - 0.8482)/2 _ o
, 21849 (20 I'g
Coatical valwa far (9, HSE —

Crdl.Cc& valme 6"' S% &k ¢ 3. wq
(ouels |



— -

B e GO S5 T <7 O e T TR
N LR T e T AU R T ROy

PO AP i Vet #
s ' ;
AL v
AR =it
. e, . ‘. -t
o I : '
i :

TABLE 3. Percentles of we Student's t Distribution; : .
Table Entry Is x Such That Prob(r, = x) = P @

P 750 900 Y30 975 990 993 { 3
1 1.000 3.078 6.314 12.71 31.82 63.66
2 0.817 1.884 2.920 4.303 6.965 9.925
3 0.766 1.63s 2,354 3.182 4.541 5.841 s
4 0.741 1.533 2,132 2917 3.747 4.604 |
¢ 5 0.727 1 476 2015 2.571 3.365 4.032
6 0.718% 1.4-10 1.943 2.447 3.143 3,708
7 0.711 1.415 1.895 2,365 2.998 3.500
8 0.706 1.397 1.860 2.306 2.897 3.355
9 0.703 1.383 1.533 2.262 2.822 3250
10 0.700 1.372 1.813 2228 2.764 3.169
11 0.698 1.363 1.796 2.201 2718 3.106
I2 0.696 1.356 1.782 2.179 2.681 3.055
13 0.694 1.350 1771 2.161 2.650 3.012
14 0.693 1.345 1.762 2.145 2.624 2,977
15 0.691 1.341 1.753 2438 2.602 2.947
16 0.691 1.337 [.746 2.120 2.584 2.921
17 0.639 1.333 1.740 2.110 2.567 2.898
18 0.688 1.330 1.734 2.101 2.552 2.879
19 0.688 1.328 1.729 2.093 2.539 2,861
20 0.687 1.326 1.725 2.086 2.528 2,845
21 0.687 1.323 1.721 2.080 2.518 2.831 j
22 0.656 1.32) 1.717 2.074 2.508 2.819 {
23 0.686 1.319 1.714 2.069 2.500 2,807
24 0.686 1.318 1.711 2.064 2.452 2,797 )
25 0.685 1.316 1.708 2.060 2.4%5 2.787 [
26 0.684 1.315 1.706 2.056 2.479 2.779
27 0.684 1.314 1.704 2.032 2473 2,771 !
28 0.683 1.313 1701 2.048 2.467 2,763 §
29 0.683 1,311 1.699 2.045 2.462 2.756 i
30 0.683 1.311 1.697 2.042 2.457 2,750
35 0.682 1.307 1.690 2.030 2.438 2.724
40 0.681 1.303 1.684 2.021 2.423 2.705
45 0.680 1.301 1.630 2.014 2.412 2,690
50 0.630 1.299 1.676 2.009 2.403 2,678
60 0.679 1.294 1.671 2.000 2.390 2.660
‘ 20 0.679 1.294 1.667 1.994 2.381 2.643 N
80 0.679 1.292 1.664 1.990 2.374 2.639 '
90) 0.678 1.291 1.662 1.987 2.368 2.632
100 0.677 1.290 1.660 1.984 2.364 2,625
= 0.674 1.282 1.645 1,960 2.326 2.576

.........

PP W Ry S - S NS
- AR tﬁ;;n O A A L S &

e
TR LA B




81 Pl 6871 L671 90T  €IT IT’c ST'T 1€ Lf€¢ 9T LST €T 96T 90t wr Lt
81 S8l 06°1 6671 LT Sl'c T'e 't T 6£T 8T 6fc Ll 86°C Lee cr 9c
v L8 61 10T 60T L't $TT 8T pET 1P 6F'T 09T 9L T O65C Y ST
981 6871  P6'l €0T 11T RI'T 9TT 0f'T 9T T IfT I 8T T or'e 9Ur +T
681 1671 961 SOT €1 0T% TToET RCT MRt €£€°T 19T ORT f0C eE BT brd
16°1 6l 66V LT SITT €T 0£'T eET OF'T 9T SST 99T TRT S0C trf 0C'r T g
Pl 2671 W o't 81T STT T LT T 6T 8T 69T ST W ot e £
61 66°1 ‘T €T 0TT STt SET 6f'T ST T T Wt 48T 0l'f v’ SOF 0z
‘T £0°T 0T 9T veT  If'T  8€'T W't 8T kST £9T LT 06T €1C e SEr Gl
'T 90T lI'T 6T LTT PET T 9T IST 86T 99T LLT feT 91E 9¢C IrE 81
80T oI ST TT 1€T s¢T  ShT 08T ST TOT OLT IS8T LeT OTE 6€C SrYF L
(o8 B of B ] TT SCT frT 6PT pST 6€T 99T  wLTT S8T 10°¢ HTE €9 6 91
§I'c  1TT STt €€T oOrT 8T pST 65T 9T LT 6LT 06T 90°C TE O 89E 1S St
0 LTT IET O 6£T 9T ST 09T S9T  OLT Lt $§T 96T II°E prE 2 09t vl
10 rET RECT O 9rT €T 09T £9T Wt LT 8T TeT 0 sIT ItC 1ve 9 g !
OF'T €T LT T 9T 69T SLT O%T  SRT 16T 00°C  IPC 9TC 6t 6YC SOt Tl
16'c €67 LT 9T T 6LT c 06T S6T 100 01 0TE 9¢C 6€°C Re'C pRr I
T 99T 0T 84T SBT 16T 86T T LOE pUC TeE €€C ST 1LE 0l'r %6 01
08°C €8T 98¢ © 10°¢ ¢ ti’c BIE £ 6L LEE 8¢ £9°F 13 S c<l's 6
0°¢  r0E R0E SI'E T Tf st 6 rf 05 88T 69°C PRE L0t otr CCO¢ 8
£t pC BCE SHC 1S°¢C 8¢'€ M9 89T €L 6L LRE Lo's 4 G E 1 5% S 1 S )4 L
SLE 8L IRE $E p6C 00r  90r  OI't  SI't ITH 8T 6CF £t 9Lt rI'S 66°S 9
M 9t 0St 9Sh T9F 89F kLM LUt I8 SR+ S6'r SO 61S ItE 6LT 199 S
0L¢C  TEC SLC OR'S 9%'C 16 L6S 009 09 609 9179 9 0T 689 e’y 1L r
SR 6SF TOR 998 TLS  RLR O 6LR 617 SRS €9°C p6'S 68°C  TI'6 #€9 66 1701 £
el €6l S6F S61 61 6l 6l el el el €61 €61 TGEL T6E 06l §'81 z
ST CIST C0ST CSkT 9bT HFT CTYT CIMT C6ST L€ 'pET '0ST STT 91T 00T 19 1
0 or iy 0T sl Zl o1 G 8 L 9 < r ¢ < 1 u :

JOIIWNN Y 10 WAPIAL[ JO SHTIQ = ‘i

4

660 = (/) = ""“4)qosd 1oy, yang 7 5| Anug ajge] uouNquIsIg 4 BU) JO SAINUBIAS WISE ‘S 3T18VL 2




00'1 €71 vetl 6E71 or’l L8] PR S YA £8'l $8°1 vo'l 0T 0i'c T LT T e 8L »
0€'1 Syl ¥l sl e 39l Lt 13 3 G O 8671 e orTt 6l 1€ 9T LT 60 et 001
Pt | Lyl o't €571 65t 691 8Lt 9%l ve'l H6" 1 © is 0Tt T e Iwe ore  S6€ 06
re'l $.1720 S o B S 09t oLt 6Ll 3870 $6'1 00T 90T SI't T €T 6T P A e  9%¢ 08
9¢ 1 I$°1 el LSl 9l 'l (81 68°1 L6°1 0T LT rI't T St T owT  tl'e 86t 0L
6% [ ¥el 9¢' 1 09l $9°1 SLt ¥8'1 W'l 6671 vz OI'T L1t 9TT  LET €8T T St 00t 09
srl 8¢°1 09°1 €91 69°1 671 L8l S6°1 €0'c (0T  €I'T 0T 6LT  OpT 98T 6LT sr'e Sov 0s
St 09°( €L 9971 1l 1871 06°1 86°1 0 oIt ST T 1€ ke 88T 18°C 1ITE 90% 534
51 PO L 991 691 SL1 ra'l WL 00T 80T €T 81T LTT  #LT sbL 19t #8'C <E 80" oy
Ls'1 89°t 0oLl L'l 6L 881 96°1 poT TIT  9I't WT 6TT LT orT  WIT 88T Lwe v <t
w91 vLl 9’1 6Ll P80 €671 't 60T LIT (T2 LTT ¥ET wT ET 69T wl e Ly U
ol SL1 8L°1 g0 981 S6°l €0°C [I'c 8I't Tt 8TT SE€T T SsT OLT r6'’c  LEC BV 6T
991 LL'l 6L°1 <8l 't 96t b0'T  CTl't 61T T 6T 98T SkT 99T W e re'c 0TV T
L] 09 0s or 0t 0T ST <l 01 6 b L 9 s ¢ € < 1 u

JOWISWNN M) 0] WOPaaL JO s2udaq = '

738

5 g i

- T

2

B




i or'e 6C'C ££°C 8€c Lr'e £9°C 8L°C €6°C 90t Si'e 9Tt [y 9s°¢ 6L'¢C e 09t or's 89°'L LT

& €1°C ¢e'e 9¢€°¢T A oc'c 99°¢ (A 96'C or'e 81°¢ 6C°€ e 65°¢ 8¢ i o'y (RN FAAN 9t

LT 9e°e otT 9 e 0T 0L T (S 4 66T €1t (A [ANES 9r°c €9'¢ 98t PN 80t JASY Let ST

17T or's e [ e §¢'T A4 OR'C £o°c LI'E 9T'C 9c'e sy L9t 06t wr ey 19°¢ Rt | 34

9T'e Sye Sk 18T w'e 8L°C £6°C 80°€ IT°E oL'e e 15°¢ Iwe 16t 9’y 9L LN 8871 £ %

. § 0s'e €€°C b { S 9°c €8°C 86°C e 9T°¢€ see Sv'g 065°¢ oLt 66t (F T AN S6°L e

9€'T ST 8¢'C 1T L't 88T €0'¢ L1I°E 1€°¢ or'e 15°¢ 19°¢C 18°¢ o't L'y a8 EYASY [(URY 12

e 19°C 14°C 0L'e 8L°T v6'C 60’ £t Lee 9°C L8'c oLt L8't o'y et vo'r She 01'R 0T

o' 89°C IL’T 9L'C ¢8'c Q0°¢ e 0¢°€ 138 we £€9't LL'S o't L't 08 10°¢S £o's 61°¢ 61

Lee SLe 6L°T #8°C 6T 80°¢€ €@t LEE 1€°¢ 09°¢ 1€ 8¢ 10t ST’y gCd 60°¢ 10y 6Lt 81

€9z 8T £8'T 6T 00't 91°¢ 1£°¢ 9t 6S°E 89°C 6L°¢ €6'¢C or'y  pg'v Lot 81's iy 0% Ll

L't £6'C L6’ o€ or'e 9T’¢ Ir'c St 69°C 8L°¢ 68°¢C 't oTr iy LL'F 6C'S ot £es 91

! ) £8°C So0°¢ 80'€ % @ o't FANES (A L9t 18°€ 06°€ e b I w'r o'y [ w's 9€'9 BV <l

& (LIRS 81°¢ o 2 Lot SC'E 1€°¢ 99°¢ 08¢ 6 €0t vy Tt 9t 69t [3ERS 96°¢ Is'9 98'% vl

e Lre peC 8C'¢ &< 1e°g Lot 8¢ 96'¢ o't 6l'r ot 3 ot 98t 1c°¢ e 0cLe e = €l
W 9c'e #EE FASE 9'¢ oLe 98°€ 107t 9l'r o<t 6t'r o’ Mo T S0°¢ 1r°c NS o'y £ Zl
nm d : [12Y 8L¢ IR°¢ 9R'¢ 6t o't St or't ek £9r /% S (1N Lo’s A3y 29°¢C 9 | et <9t Il
i ot & 16°¢€ g0t 't Lrr &t e 9<'t i S8 vo'r 90°¢ 0T°¢ 6C°¢ t9°S 09 SO 98°e 0701 01
r. e 32 (§55 v 8t s LSt O 18 96'F 1's 9c" See Lr's 19°¢ 0R'S 90°9 w9 669 o' 901 6
XA 5 ; ag'r £0°¢ L's crs 0T's 9¢°¢ [ASES L9°< 18°¢€ 16°S €09 8179 LEY €9'9 0L 65°L SR N 8
w.wm (SN 8¢ 98'¢S 16°¢ 66'C 919 1€°9 e 99 L9 59 66°9 61°L 9L 8L S8 c'n ¢Tl L
LS 880 90°L 60°L i YA €& 0L 9s°L oLl 88°L 86°L 01°8 9’8 FAME CL'S SI'6 8L°6 60! LEl 9
.Ww : : w6 0T°6 T’ 6c6 8€'6 6 wo 68°6 101 01 €01 €01 901 on | ¢l el £91 <
..m.. ! el 9°cl L€l 8¢l §'€l 0¥l orl 11 9l Lyl gl 0'cl TSI [ 0791 L9l ({4 Pl & t
; 1'9T €9¢ t'9¢C +°9¢ <9¢ L9c 6'9C 1'LT <L €T (i L'Le [ 061 L'8C b I 80¢ 1"t £
<66 66 <66 $66 <66 €66 66 ¥ 66 166 766 66 t'66 €66 £°66 £766 T'oh Q60 ¢ Re T
99£9  €1€9  TOSO  LST9  19Z9 60T LS19 9019 9509 9 ZB6S  ST6GS  6SRS  PTLS  STYE  €OPE QOO ESO1 1

u

© 09 0 or 0t 0¢ | Zl 01 6 8 L 9 € r £ T 1

JoWIRwnY ) JO| WOPIAL] Jo $2uRaQq = '

35

66°0 = (J = ''Y)qoid 1euL yong J | Au3g 3jqeL uonnguisig o AUl JO SIUBGG WIGE "9 318VL

B e — .
v PR ——




737

00l av'l 1671 LSl 0Lt 88°1 WoT  8I'T TET I+< ¢ v9T  08¢C T0°¢ ce'e 8Lt 19 £9'9 b
Ll 69°1 LA 081 681 T Tt LT 0t 65T 0Lt T 66T 1Tt I§°¢  86't T&F 069 001
¥l [RA Bl sl eo'l 60T ST 68T £ST 19C  TWUT S8%T D€ Tt AR 0y S8+ t69 06
or'l BT HLol S8l o'l 't LT T $ST WT RUT L8T ke 9TC 0 95K Oy S8+ 969 08
b | oLt €81 68°1 861 e I€'C Syt 65C 9T 8LT i6'c  LOE  6C°€C 0ve 'y o'r 10°L 0L
01 b8l 7 881 P61 €0°C  0TT SET 08T €9°CT  TLC T ST TWE pt’E SS9t El'y 86F S0°L 09
89°1 1671 S6°1 0T 01I'c LT TWT 99T OLT  6LT 68T WL 6I'E e e 0Ty 90§ LIL 0%
SLl 961 00T 90T SIT £ e 192 w7 €8T 6T L0g €E e  WE STy s i Sk
(81 T 90T I 0T LET  TET 9T 08T 68T 66T TI'E  6LE [S°€ €8t ey 81°s 1€°L or
61 oz Kt 6lI'T $TT TSKT 09T wL'T 88T 96T  L0E  0TE  LEE 65°E 16t Ory LTS 1L S€
i 10T 1T sTC 0f°C  6YT  §§T  OLT BT B6T  LOE LIE [£°€ re  oLe e 1€y 6t’¢  9%°L 0¢
t0'c  ¥U'T  LTT {3 S v'C 8§°C EL'T I8¢ g 60t 0TE €L 05T €©LC LI 4 S L | A 63
90Cc 9Tt 0T SET  HT 09T SLT 06T E€0E  TI't  ETE 9EE €§°E SLE LOr LSP i€ 'L 8
® 09 0s 0F 0t 0z ST TI 01 6 8 L 9 S ¥ £ [4 I u

JOIEIHUNYN I J0] WopaaL] Jo saaudag = '




